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Abstract

If two permutations are strongly conjugate, then their corresponding positive permuta-

tion braids (also called simple braids) are conjugate. In this note we exhibit two conjugate

simple braids whose associated permutations are not strongly conjugate. In terms of the

grey and black graphs with vertices in the ultra summit set defined in [1], this result can

be reformulated by saying that there are ultra summit sets with simple braids (hence

with canonical length k = 1) in which the grey graph is not connected. Birman, Gebhardt

and González Meneses have given similar examples, but with k ≥ 2 [1]. Recall that the

set of simple braids on n strings is a basis of the Hecke algebra Hn. If two simple braids

on n strings are conjugate, the coefficients of any central element of Hn corresponding

to these simple braids are equal. Working on topological dynamics, Hall and Carvalho

[8] have discovered two braids on 12 strings (one and its reverse) which are not conju-

gate. Since one braid is the reverse of the other, their corresponding permutations are

centrally conjugate. For n ≤ 6 we checked that central conjugacy implies conjugacy of

the corresponding simple braids.

1. Introduction

Two permutations α and β are said to be elementarily strongly conjugate if they

have the same length and there is a permutation w such that w−1αw = β and either

l(αw) = l(α) + l(w) or l(w−1α) = l(w−1) + l(α). We say that α and β are strongly

conjugate if there are permutations w0 = α,w1, . . . , wr−1, wr = β such that wi−1 and wi

are elementarily strongly conjugate ([6, definition 3.2.4], [7]).

Given any permutation α ∈ Sn, there exists a unique positive braid T on n strings

which defines the permutation α and such that every pair of strings crosses at most once.

This braid is called the positive permutation braid (or simple braid) associated to α

and it is denoted by Tα [3]. Simple braids play a key role in the study of the conjugacy

problem in the braid group ([3], [11]) and they constitute a basis of the Hecke algebra

based on the symmetric group ([10], [2], [6]).

It is known that if α and β are strongly conjugate permutations, then their correspond-
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ing simple braids Tα and Tβ are conjugate in the braid group. Essentially, this follows

from the fact that TvTw is a simple braid (hence Tvw = TvTw) if l(vw) = l(v) + l(w).

The main result of this note proves that these two concepts are different, by exhibiting

two conjugate simple braids Tα and Tβ whose associated permutations α and β are not

strongly conjugate.

Recall that the ultra summit set U of a conjugacy class C contains the braids X ∈

C with minimal canonical length, such that cj(X) = X for some natural j. If X =

∆rA1 . . . Ak is the left canonical form of X, then k is the canonical length of X and

c(X) = ∆rA2 . . . AkB is the cycling of X, where B is the simple braid ∆rA1∆
−r. In

general the expression given for c(X) is not longer the left canonical form of c(X), since

AkB is not necessarily left weighted (see [3], [4], [5]). The ultra summit set U can be

seen as the set of vertices of a directed graph: given X,Y ∈ U , there is an edge from

X to Y labelled with the simple braid T if XT = T−1XT = Y and T is minimal with

this property (if Z is a simple braid with XZ = Y , then T−1Z is a positive braid). This

graph is connected [5]. Let ∂(Ak) be the only simple braid such that Ak∂(Ak) = ∆. Since

X∂(Ak) ∈ U , by a convexity theorem [5] we have that X t ∈ U where t is the greatest

common divisor of T and ∂(Ak). It follows that either t = T (hence AkT is simple, or

equivalently, T−1∂(Ak) is positive) or t = 1 (hence AkT is left weighted as written and

then T−1B is a positive braid). In the first case, the edge is coloured grey; in the second

one, black [1].

Suppose now that U is the ultra summit set of a conjugacy class which contains a

simple braid A. The associated minimal canonical length is then one, and U is constituted

exactly by the simple braids conjugate to A. In this case, the simple braids Tα, Tβ ∈ U

are connected by a path made of grey edges if and only if their associate permutations

α and β are strongly conjugate: if w−1αw = β and l(αw) = l(α) + l(w), then T Tw

α = Tβ

and there is an edge from Tα to Tβ , labelled by Tw or a simple braid prefix of Tw; if

w−1αw = β and l(w−1α) = l(w−1) + l(α), the edge goes from Tβ to Tα, labelled by

Tw−1 or a simple braid prefix of Tw−1 . Hence our main result can be reformulated by

saying that there are ultra summit sets associated to simple braids (hence the associated

minimal canonical length is k = 1) where the grey graph is not connected. Birman,

Gebhardt and González Meneses have given similar examples, but with k ≥ 2 [1].

In section 3 we relate the above concepts, strong conjugacy of permutations and con-

jugacy of simple braids, to the centre of the Hecke algebra. Recall that the set of simple

braids on n strings {Tα / α ∈ Sn} is a basis of the Hecke algebra Hn. If two simple braids

on n strings are conjugate, the coefficients of any central element of Hn corresponding to

these simple braids are equal. We will show two braids in B12, one and its reverse (hence

their corresponding permutations are centrally conjugate), which are not conjugate. For

n ≤ 6 we check that central conjugacy implies conjugacy of the corresponding simple

braids.

2. The main result

Theorem 2·1. The permutations α = (1526)(34) and β = (16)(2435) of S6 are not

strongly conjugate but their associated simple braids Tα and Tβ are conjugate in the braid

group Bn.
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Proof. Let X = Tc be the simple braid associated to the permutation c = (123)(465).

Then X−1TαX = Tβ , hence Tα and Tβ are conjugate in the braid group Bn.

Fig. 1. T−1

c TαTc = Tβ with α = (1526)(34), β = (16)(2435) and c = (123)(465).

We now see that α and β are not strongly conjugate. First, note that l(α) = l(β) = 14.

The largest length among the permutations of S6 is 15, only reached by the permutation

(16)(25)(34). Then, if a permutation γ is elementarily strongly conjugate to α by a

permutation w, this permutation w must be necessarily a elemental transposition s =

(i, i + 1).

For s = (12), the permutation sα = (16)(25)(34) has length 15, hence l(s′α) = 13

for any other elemental transposition s′. Analogously, αs has length 15 if and only if

s = (56). It follows that (12)α(12) and (56)α(56) are the only permutations elementarily

strongly conjugate to α. But both permutations are the same, γ = (1625)(34).

With a similar argument, it can be shown that α is the only permutation elementarily

strongly conjugate to γ. It follows that γ is the only permutation strongly conjugate to

α, and in particular, that β and α are not strongly conjugate.

The example shown in the theorem has twin examples. Precisely, let α ∈ {(1526)(34),

(1625)(34)} and β ∈ {(16)(2435), (16)(2534)}. Then Tα and Tβ are conjugate but α and

β are not strongly conjugate. On the other hand, there is no examples of this situation

in Sn for n ≤ 5. Moreover, in S6 there is only another example. Let a = (16)(24)(35)

and b = (15)(26)(34). Both permutations have length 13, they are not strongly conjugate

but Y −1TaY = Tb with Y = Td where d = (132)(456). The fact that these are the only

examples in S6 can be deduced from the following section.

3. The centre of the Hecke algebra

Let Hn be the Hecke algebra with parameter q associated to the symmetric group Sn

([10], [6]). The two above discussed concepts are also related to the following one:

Definition 3·1. Two permutations α and β are called centrally conjugate if for any

element T =
∑

v∈Sn
rvTv of the centre of the Hecke algebra Hn, we have rα = rβ.
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It is known that if α and β are strongly conjugate then they are centrally conjugate

[6, proposition 8.2.7. (a)]. More generally, if Tα and Tβ are conjugate, then α and β are

centrally conjugate. The idea of the proof, based in the duality between the space of

trace functions and the centre of the Hecke algebra, is as follows: a basis of the centre

of Hn is given by the elements zC =
∑

w∈Sn
gw,CTw where C runs over the conjugacy

classes of Sn and gw,C are certain coefficients. For any conjugacy class C, the map fC

defined by the condition fC(Tw) = fw,C , where gw,C = q−l(w)fw−1,C , is a trace function

on the Hecke algebra. Now, if Z−1TαZ = Tβ , we have fβ,C = fC(Tβ) = fC(Z−1TαZ) =

fC(ZZ−1Tα) = fC(Tα) = fα,C . Since Tα and Tβ are conjugate, the permutations α and

β have the same length, hence gβ,C = gα,C .

We now compare the concepts of strong and central conjugacy for n ≤ 6. Let T be the

element of Hn represented by a meridian around the identity braid on n strings. Up to

a linear combination with the identity, this element is a very simple skein presentation

of the sum of the Murphy operators [10]. In fact, the elements id, T , T 2, . . ., T p(n)−1

constitute a basis of the centre of the Hecke algebra Hn based on Sn, where p(n) is the

number of partitions of n [9]. For n ≤ 5 we have checked that the strong and central

conjugacy classes are exactly the same. For n = 6 we have calculated the coefficients

of T k, 0 ≤ k ≤ 10 corresponding to each permutacion α ∈ S6, deducing that there are

exactly 91 central conjugacy classes. On the other hand, the equivalence relation defined

by strong conjugacy produces 93 equivalence classes. These calculations were carried out

using computer programs written with Matlab by J. L. Garćıa Zapata. In both cases we

obtain the same classes, with the following two exceptions:

• {(1526)(34), (1625)(34), (16)(2435), (16)(2534)} is a central conjugacy class; on the

other hand, the two first permutations constitute exactly a strong conjugacy class,

the two last permutations another different one.

• {(16)(24)(35), (15)(26)(34)} is a central conjugacy class, but each of these two

elements constitutes exactly a strong conjugacy class.

Since all the simple braids associated to the permutations (1526)(34), (1625)(34),

(16)(2435) and (16)(2534) are conjugate and the simple braids associated to (16)(24)(35)

and (15)(26)(34) are conjugate, we deduce the uniqueness of the examples in previous

section and the following result:

Theorem 3·2. For n ≤ 6, two permutations α, β ∈ Sn are centrally conjugate if and

only if Tα and Tβ are conjugate braids.

However, as the referee has pointed out to me, there are examples of centrally conjugate

permutations whose associated simple braids are not conjugate. Precisely:

Theorem 3·3. The cyclic permutation γ = (1 3 6 10 4 8 11 2 5 9 7 12) and its inverse

γ−1, both in S12, are centrally conjugate but the corresponding simple braids Tγ and Tγ−1

are not conjugate.

In general, Tγ−1 = rev(Tγ) where rev is the antiautomorhism of Bn defined on the

generators by rev(σi) = σi. Geometrically, this antiautomorphism turns the braid over

from top to bottom. The permutations in the above theorem arose from work by Toby Hall

and André de Carvalho [8] in topological dynamics. To establish that Tγ and its reverse

braid Tγ−1 are not conjugate, they used the implementation of Gebhardt’s algorithm
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based on the ultra summit set [5]. Pieter Collins made possible the computational work

for obtaining this particular example. Unfortunately, this computational “proof” is the

only evidence that we have.

On the other hand, any permutation and its inverse are centrally conjugate. Although

this is a well-known algebraic result ([6, proposition 8.2.7. (c)]), we include here a geo-

metric proof for the convenience of the reader. We will show by induction on k that the

coefficients of Tγ and Tγ−1 for any T k are the same. This is obvious if k = 0. If k = 1,

T =
∑

i<j T(ij) up to a linear combination with the identity, and the result follows since

the inverse permutation of (ij) is (ij). Now, let T k = T k−1T . By hypothesis of induction

T k−1 =
∑

α rαTα with rα = rα−1 and T =
∑

β sβTβ with sβ = sβ−1 (in fact, sβ = 1 if β

is a transposition, 0 otherwise). For α, β ∈ Sn we write TαTβ =
∑

λαβ
ε Tε as a linear com-

bination of the simple braids. Then rαsβλαβ
γ is the contribution to the coefficient of Tγ in

the product T k−1T corresponding to the pair (α, β), and sβ−1rα−1λβ−1α−1

γ−1 is the contribu-

tion to the coefficient of Tγ−1 in the product TT k−1 corresponding to the pair (β−1, α−1).

Since T is a central element, it remains to prove that λαβ
γ = λβ−1α−1

γ−1 for any α, β, γ ∈ Sn.

Since l(αsi1 . . . sit
) > l(αsi1 . . . sit−1

) if and only if l(sit
. . . si1α

−1) > l(sit−1
. . . si1α), this

follows from the following formulas for the product in Hn [2]:

Tασi =

{

Tαsi
if l(αsi) > l(α)

Tαsi
+ zTα if l(αsi) < l(α)

, σiTα =

{

Tsiα if l(siα) > l(α)

Tsiα + zTα if l(siα) < l(α)
.

4. Conclusion

The algebraic concepts of strong conjugacy and central conjugacy of permutations

can be seen as attempts for characterizing the geometric concept of conjugacy of simple

braids. Indeed, strong conjugacy of permutations α and β implies that Tα and Tβ are

conjugate braids, and this implies that α and β are centrally conjugate.

In this note we have proved that conjugacy of simple braids does not imply strong

conjugacy of the corresponding permutations (it follows that central conjugacy does not

imply strong conjugacy). We have also showed two braids in B12, one and its reverse

(hence their corresponding permutations are centrally conjugate), which are not conju-

gate. For n ≤ 6 we checked that central conjugacy implies conjugacy of the corresponding

simple braids.
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